It is shown how the phenomenon of osmosis may be treated using the phenomenological theory of Brownian motion in a flowing fluid. The theory is also generalized to include viscous stresses in the particle and mixture momentum equations.
The purpose of this note is to address two questions that have arisen about the phenomenological theory of Brownian motion in a flowing fluid. 1 The notation is that of Ref. 1, and Eq. (n) from Ref. 1 will be referred to as Eq. (I-n).
The first question is concerned with how the phenomenon of osmosis may be treated within the framework of the theory. Osmosis occurs when a particle-fluid mixture is partitioned by a semi-permeable membrane which acts as a rigid barrier to the particles but through which the fluid may flow freely. In the simplest case, particles are present on one side of the membrane (side 1) but not on the other (side 2). The phenomenon to be explained is this: if the pressure is initially uniform, fluid spontaneously flows from side 2 to side 1, until an equilibrium is reached in which the pressure on side 1 (p 1 ) exceeds that on side 2 (p 2 ) by the osmotic pressure q. In particular, what is the driving force that makes the fluid flow?
No explicit modifications to the theory are needed in order to represent the membrane, because the effect of the latter may be considered part of the force field Gp. With this in mind, the equilibrium pressure differential is easily obtained by setting v, VT, and J, equal to zero in Eqs. (I-9) and (I-15). This yields
( 1) If the Brownian particles are everywhere dilute, so that Ctp«1, then Eq. (1) assumes the simpler form V(p-q) =p 1 G 1 • Integrating this equation across the membrane, we obtain simply p 2 -q 2 =P 1 -q 1 • (The term p 1 G 1 makes a contribution proportional to the membrane thickness; this contribution has been neglected under the assumption that the membrane is very thin.) But q 2 =0 because there are no particles on side 2; therefore, P 1 =P 2 +q 1 , as was to be shown.
The above argument yields the correct equilibrium pressure differential, but it does not reveal the driving force that sets the fluid in motion initially. To obtain this information, it is necessary to examine the tran- Thus, we see that the gradient of the osmotic pressure q is a driving force in the fluid momentum equation, and that it tends to make the fluid flow in the direction of increasing particle density. Since q is just the pressure in an ideal gas of Brownian particles, it has the form of an ideal gas partial pressure [cf. Eq. (1-1 )]. What is remarkable is that it also has the significance of a partial pressure, even though the particle-fluid mixture is incompressible and is not at all like an ideal gas. This interpretation follows from the fact that q must be subtracted from the total pressure to obtain the pressure whose gradient appears in the fluid momentum equation (2).
It is now clear that the phenomenon of osmosis is correctly and automatically accounted for by the general equations of the theory. These equations can therefore be used in the analysis of transient osmotic effects. The present point of view may also have some pedagogical value, since it provides an essentially mechanical interpretation of the osmotic pressure and a mechanistic route to van' t Hoff's law.
We now turn to the second question to be discussed: how would Jp be affected by the inclusion of viscous stresses in the particle and mixture momentum equations, Eqs. (I-3) and (I-9)? To pursue this ques-tion we simply restore the neglected terms. Since the particle-fluid mixture is incompressible, V·[a 9 Up +(1 -a 9 )u 1 ] = 0. We are interested only in the limit of large friction, in which up and ut become very nearly equal to v; the incompressibility condition then implies that V·v =V·Up =0, so the viscous terms may be simplified to their incompressible forms. With this in mind, it is clear that a term V·(1J. 9 s 9 ) must be added to the right member of Eq. (1-3) , where s 9 = (Vu 9 ) + (Vu 9 )T, and the superscript T denotes the transpose. Here, llp is the particle shear viscosity, which according to Ref. 1 must be evaluated as though the particles were an ideal gas. If the particles are assumed to be smooth, rigid, and perfectly elastic, then 2 1J. 9 =(5/64R 2 )(mkT/7r) 112 =(5/32) (pgkT /3R) 112 • Similarly, a term V· (p:s) must be added to the right member of Eq. (I-9), where S =(VV) + (Vv)T, and jl is the shear viscosity of the particle-fluid mixture. If the particles are sufficiently dilute, jl is given by the Einstein formulas jl =J.L{1 +~a 9 ), where ll is the shear viscosity of the pure host fluid. 
